3573
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A calculation of properties of conjugated phases from equations for the chemical equilibrium
is rendered considerably difficult by the existence of side so called trivial solutions. A general
procedure is proposed for eliminating these undesirable solutions. The procedure is demonstrated
on the calculation of the composition of two liquid phases in a binary and ternary system for the
Redlich-Kister and NRTL equations. The proposed method can be utilized in other areas,
e.g. for calculating high-pressure vapour-liquid equilibria.

General Solution

During studying phase equilibria we use for calculations of densities or compositions
of conjugated phases equalities between fugacities, chemical potentials or activities
of components. The same functions are found on both left- and right-hand sides
of equations of this type. The most simple general example of such a system of equa-
tions is given by

[ixD) = £1(xP), (1
So(x ) = f3(x),

where f,, f, are arbitrary functions. Usually we are searching for one solution
x4V, x{? of the system, which we will denote from now on as physical. It is verified
easily that besides it, system (1) hasinfinitely many solutions x*’ = x® independently
of the real shape of functions f;, f,. These solutions we will denote as trivial ones.

1t is obvious that the search for the physical solution may be complicated con-
siderably by the existence of the trivial solutions. We will try to eliminate this dif-
ficulty by transforming system (1) into another system which would possess the same
physical solution as (1) without having the trivial solutions.

If at least one function fis a polynomial

fi=a+bx+cex?+ ...,
the transformation may be performed easily. Let us introduce an auxiliary variable
= x@ _ x(D
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and rewrite Eq. (I) to
a + bx™ + (xP) + ... =a + b(t + xV) + ¢t + xV) + ... 2)

After performing multiplications, only terms with first and higher powers of ¢ remain
in Eq. (2)

bt + 2xWet + ct® 4 ... = 0. 3)
After factoring out ¢t we obtain finally
b+2xMPe+ct+...=0. (4)

This equation and the second equation of system (1) form a new system which has
no trivial solution ¢ = 0. ~

If neither fy nor f, in system (1) is a polynomial, we can remove the trivial solu-
tion by a “formal reduction”, i.e. by rewriting Eq. (I) to the form

U+ 10— st =0, ()

employing an easily provable fact that the trivial solutions are always unifold.

There may be a physical solution ¢ = 0 of system (I) for some numerical values
of constants in f,, f,. This solution is preserved in Eqs (4), (5). For a numerical
solution of the system in its vicinity it is safer to replace the expression on the lhs
of Eq. (5) by a polynomial.

In a general case, the elimination of the trivial solution is more difficult. Let us
have a system of equations

P, X0, XY = PP, P, ) =12, (6)
where P;’s denote polynomials. It is obvious that Eqs (6) have a trivial solution

(2)

1 .
=xP -xV=0 j=1,2..,n.

Similarly as in the case of the system of two equations we may rewrite Eq. (6) to
Lpia P+ =0 i=1,2,..2n, 7

where p; ;s are polynomials in variables x{" and £, (k = 1,2, ..., n). Now we want

to arrange system (7) in such a manner, so that it may be possible in at least one of the

equations to factor out one of variables ;. This equation and consequently the whole
system will have no trivial solutions.
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For a while we will distinguish variables #, which are present in system (7) ex-
plicitly from those which occur in the equations through p; ;. The first equation
of the system will be rewritten to the form

ty = 7(1/171,1) (‘zpz‘; + ..o+ Y“pn_,) (8)

and inserted into the second to n-th ones for all explicit #,’s. Similarly we express ,
from the second equation and insert into the third to n-th ones. In this manner
we proceed further until finally only ¢, remains explicitly in the n-th equation and this
will be factored out. The last equation and 2n — 1 equations (7) form the resulting
system deprived of the trivial solutions.

If the functions in system (6) are not polynomials, the outlined algorithm cannot be
employed in the general case directly as the transition from Eq. (6) to (7) is not
generally possible. The removal of the trivial solutions must be preceded by approxi-
mating the functions by polynomials (e.g. Taylor or orthogonal polynomial expan-
sions). It is, however, not necessary in some particular cases (see the following para-
graph).

Further we show the use of the outlined general procedure in calculating liquid-li-
quid equilibria. The procedure may be also employed for calculating one- and multi-
component high-pressure vapour-liquid equilibria and in all other cases where
identical functions become equal in different points.

Application in Liquid-Liquid Equilibria
The following equilibrium conditions hold in a two-phase binary liquid system
Ina;(x) = na(x*) i=1,2, %)

where g; is the activity of the i-th component and x is the mole fraction of the first
component in the j-th phase. For calculating the composition of the coexisting
phases we rewrite Eq. (9) to the form of (compare with Eq. (5))

(Ina,(x®) —Ina,(xPNr =0 i=1,2, (10)

where t = x® — x™. System (10) has already no trivial solution ¢ = 0. The system
possesses, however, a physical solution ¢ = 0 in the critical point. A numerical
solution of system (10) is unstable in the vicinity of this point and it is therefore
safer to replace expressions on the rhs by polynomials.

Now we show an arrangement of system (10) which is suitable for calculations
also in the vicinity of the critical point for the case of the Redlich-Kister' and NRTL
(ref.?) equations. If the activities of the componentsare expressed by the Redlich—Kis-
ter three-constant relation :
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Ina, =1Inx, + x3[b + c(dx, — 1) + d(x, — x,) (6x;, — 1)],
Ina, =Inx, + xi[b + (1l — 4x,) + d(x; — x,) (1 — 6x,)] . (110

Eq. (9) will be rewritten to

In(1 = t)x,) + (x, + t)2 [b + c(4x, — 4t — 1) + d(x, — x, — 21)
(6%, — 6t — 1)] — x3[b + c(dxy — 1) + d(x; — x,) (6%, — 1)] =0, (I2a)
In(1 + t/x;) + (xy = 0> [b + (1 — 4x, — 4t,) + d(x, — x, — 21)
(1 — 6x, — 60)] — xi[b + (1l — 4x,) + d(x; — x,) (1 — 6x,)] =0, (12b)

where, for simplicity of the notation, we omit superscript 1 in mole fractions. After
performing the multiplications, f may be factored out from the polynomial part
of Eq. (12a), which leads to

0 = [In(1 — t/x,)])t — 4x3[c + d(4x, — 2x, — 30)] +
+(t+2x,) [b + e(dx, — 4 — 1) + d(x; — x, — 20){6x, — 6t — 1)]. (13)
This equation and Eq. (12b) form a system deprived of the trivial solutions. For cal-

culations in the vicinity of the critical point it is sufficient to expand the logarithm
in Eqs (12a,b) into the series

()i (1 = tfx) = —(1fx) + ... (14)

The NRTL equation for activities may be rearranged similarly

Ina; =lnx; + x%[tzlggl(xl + ngzx)~2 + t12912(xz + Xxgxz)—z] ,
Ina, =lnx, + Xi[tngfz(xz + x1g1z)A2 + tzlgzx(xl + ngzl)_z] s (15)

where g;; = exp (—at;;). After introducing the auxiliary variable ¢, Eqs (9) pass
over to

In(1 = tfx;) + (x; + O {t10921[%) + x2921 — (1 — g5,) 1]7% +
+ ty2G12[%2 + X191, + (1 = g12) £]72} — x3[12195:(x1 + x2920) 7% +
+ t129,2(x; + x,912)7%] =0, (164)
In (L + tfx3) + (v = 0 {trag8a[x2 + %1912 + (1 = g12) 1] 72+~
+ 1921 [x1 + %2020 + (921 — 1) 1]72} — x}[t1207,(x2 + x0902) 77 +
+ t1021(x%; + x,)73] = 0. (16b)
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After a rearrangement we may again factor out ¢ from Eq. (16a) without being com-
pelled to approximate the expression by a polynomial in ¢

(D1 = tfx,) + 12092:[(2%2 + 1) (x( + %2921 +
+ 2x3(1 = g2,) (x; + X2950) — (1 — ga0)? 1x3] (%, + x292,)7 2.
e+ xag0, - (1 —g2)0]7% +
+ 'lzglz{(le + ’) (Xz -+ xlglz)z - x%[Z(] - 912) (xz + Xxglz) + ’(l - 9[2)2]}
[x2+xlg,2+f(1 —912)]_2(x2+x1912)_2:0~ (17)

The system formed by Eqs (17) and (/6b) has already no trivial solutions. For cal-
culations in the vicinity of the critical point it is necessary to replace the logarithm
in Eq. (17) by relation (14).

An elimination of the trivial solutions in calculations of the composition of co-
existing phases in ternary systems is more laborious. It is necessary to solve the system
of three equations

Ina(xV, x8) = Ina,(x?, x) i=1,23 (18)

for given x(ll) and unknowns x{, x{¥, x{¥, Again we introduce auxiliary variables

{yo= P P

s

) 1
t, = x{P — x{0.

Function In a; for the Redlich-Kister expansion is the sum of a polynomial in ¢, t,
and a logarithmic function of variable ¢;. This fact allows us to transform arbitrary
two of Egs (18) into the form of Eqs (7)

tifin + 6Lpa=0, (19)

1Py + tafa =0,
where

1
fii = t—ln(l - tl/xx) + Py1s
1

1
fa2 = t_]n (1 = t2)x2) + paz
2

and p; ; (i, j = 1, 2) are polynomials of the variables x;, x5, ty, t,. For the sake
of simplicity the upper index of the mole fraction denoting the phase was again
omitted. From the first Eq. (19) we express
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ty = 7t2(p12/f12)

and substitute into the second Eq. (19) which upon dividing by ¢, is transformed into

faz — Piabar _ 0.
fl!

This equation, together with arbitrary two equations (18) forms the desired system
without a trivial solution. In the vicinity of the critical point Eq. (13) must be used
for logarithms in f, and f,,.

Transformation of the system (17) was performed for the Redlich-Kister expan-
sion with twelve binary and three ternary constants in total. Relations for poly-
nomials p;; are presented in the Appendix. Analogous procedure can also be employed
for a NRTL equation.

APPENDIX

Relations for polynom’als p;; in Eqs 19

Py = (b = by3) xp + bysles + 1 — %) + 260050500 — x5 — 1+ %)) +
+oepa{r2ey — x3) — 11+ X + G — X3 — 2x3) (I — 2% )} —
— 2¢y305(Xy — X3 = x3) + doxB(x; — x) () — xp — 14 %) — 2% +
A+ (= XD (L= 3F)] + dya{l2x, + 3 — %) (1= 33D, — F3 — 2x9) +
+ x50 — x3) Blx; — x3) + 6% — 41} 4 3dyax,{x5[2(%, — ¥3) + 1,1 —
— (xy = x)%} — e {[2(, — ¥) + 1,1 B%, + & — X)) (1 — 4%)] —
— Ay — 1) (x) — x5 — L+ TP} + o3 {[3%, + (&) —F3) (1 — 4F)] [F — ¥3)° —
— dxy(¥, — Fy + )] — x300; — x3)? [S — 4(x, — x3) — 8%,1} —
= deya{xy0xy = x3)° + Xy T3[300y — x3) (1 + 413 — xy + x3) — 1] —
— 611, — 1231} — Cxy[3(x; — x5 — 1)) — 1 — xy + x5+ 1] —
— C{[Bx; —~ x5 — 1;) = 2] xyx, + X, 752 — 3%,)} — Cpa3[3(x; — x5 — 1)) — 1]

Pra=(byy — by3) By — 1) = bpa(Xy — X3+ 1) — ¢l + (1 — 2%)) () — X, — X)) +
+ el + (0 —28) (%) — %3 — x9)] — 265305,(%;, — F3 — 2x3) — X3(F, — El +
+ dyp{xy(xy — x) (1 = 3%)) — (&) — X — x) [2%, + (F; — Fp) (1 — 3%)]} +
4 dy3{(F) — T3 — x3) 27 + @ — %) (1 — 3%)] — x30r; — x3) (1 — 3%} +
4 3dya[4x,x5(x, — X3 — 1) — (Fy — X3)? (Fy — X3 + )] +
+ 1,{[3%, -+ &, — %) (1 — 4%)] Rxp(xy — x) + 1%, — (5 — )%+
4 xp00; — x3)7 (1 — 4%} + €13{[3%, + (¥ — ¥3) (1 — 4% ] (%, — X, —
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Lo =

Pr2=

— 2x30xy — x3) + 1x3] — X300, — x3)7 (1 — 4%))} —
— dey3{(x, — x3°(Gy — 3 + 1) — %, %3605, — x3)% + 813 — 1205(x, — x)I} +
U= 2X) Gy — %y + 1)+ Cxy 2 — 3F) Ry — Ty + 1) +

+ Cp(l — 3%)) [x3 —~ Z3(xy + X))

(bya = b33) Gy = 1) — by3(xy — X3+ 1) + cpl¥y — (1 — 25) (X) + x — X)) —
— 3ep3l(®) — T) (X, —X 5+ ;) — 2x, 23]+ ¢p30%; 4+ (1 — 2%,) (%, — x3 — X3)] +
d{2%, — (R — %) (1 — 35,01 (x, — 55 + x,) — x,(x, — x,) (1 — 3%)} +

+ dy3{[2%, + (%, — ¥3) (1 — 3%,)1 (X5 — X3 — x3) + x3(x, — x3) (1 — 3%,)} +

+ 3d 3ldx, xy(x;) — x5 — 1) — (& — %) & — X3 + 1)} +

+ e 3%, — (¥ — %) (1 — 4%)] R2xy(x, — x) — 1%, + & — %) —

— Xy — x)? (1 — 4%} + e33{[3%, + (5, — %) (1 — 4%,)] [(F, — %) —

— 203(xy — x3) + 1,331 — X300, — X307 (1 — 4%,)} + dey 3 {¥ %, [6(x, — xy)%

+ 83 — 120, (x; — x3)] — (x{ - x3)® Ry — ¥y — 1)} + CU — 2%,) (X, — X3 + 1)+
+ €1 = 3%,) e — RXalxy + x D1+ Co2— 3%,) (%) — X3 4+ 1) x,

(bya — byy) xy + bya(l — X5 4 x3) + 2¢5x,(x; — x; — X+ D +

+ ea3[Xy 4 (¥ — X3 — 2x3) (I — 2¥,) + 2x53(x, + x3) = x3] —

— 2¢i3xy(¥y — X3 — x3) + dyx[30c — x3) () — x; — X, 4+ 1) + 2%, +

+ x — X (1 — 3%,)] + d“{[Zfz + (xy — X3) (1 — 3x))] (X — X3 — 2x3) +
+ x3(xy — x3) [B(xy — x3) + 6%, — 4]} =+ 3(1]3)(1[2«\'3(}1 — X3) +

4 tgxy — (¥ — }3)21 - 513)‘1{[(}1 - }1) (1 — 4x,) +3%,] [2(}1 — X3) =t} —
— 40, — 1% () — X, — X + D} + €3 {3F, + (7, — F3) (1 — 4%,)].

I, — $)% — dx3(Fy — Xy + )]+ X3(x; — x3)° [4(x; — x3) + 8%, — 5]} —
— dey3{(x, — x3) X+ ;1’_‘3[3("’1 — x3) (At + 1y — xy + xz) — 13 — 61,1, —
— 122} + Cxy [+ 203 — %) + CpxF [1 = 3(F; — x3) — Cp{Bryxp(y — x3) —
— 2xyxp + Xy X,(2 — 3%,
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